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Abstract We study vortex polygons and their stabilities in miscible two-component
Bose-Einstein condensates, and find that vortex polygons are stable for the total
circulation Q≤ 5, metastable for Q= 6, and unstable for Q≥ 7. As a related model
in high-energy physics, we also study the vortex polygon of the baby-Skyrme
model with an anti-ferromagnetic potential term, and compare both results.
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1 Introduction
Quantized vortices have been one of the major topics in superfluid systems and
play essential roles to determine the statistical and dynamical properties of the
systems. One of the exotic aspects is stable structure formed by many vortices.
For simple superfluid systems such as superfluid 4He and conventional supercon-
ductors, the most popular stable state is triangular Abrikosov lattice under the
rotation or the magnetic field, respectively. With a small number of vortices, vor-
tex polygon states and their stabilities have also been studied1. Within the point
vortex approximation for quantized vortices, it was reported that vortex monomer
(Q = 1), dimer (Q = 2), regular triangular (Q = 3), and square (Q = 4) states were
stable, where Q is the total topological charge of the system being equivalent to
the total number of vortices. Although the regular vortex pentagon (Q = 5) is also
stable, there appears the metastable double-ringing vortex state. For Q = 6 and
7, however, regular vortex hexagon and heptagon become metastable, and regular
vortex polygons become unstable for Q≥ 8. Such vortex polygons with 1≤Q≤ 7
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2have been experimentally observed in superfluid 4He2. Vortex polygons have also
been studied in hydrodynamics for a long time3. In classical fluid with the con-
tinuous circulation, vortex polygons with less than seven vortices are shown to be
stable or metastable, while those with more than seven are unstable. One exam-
ple realized in nature is a vortex hexagon found by Cassini in the north poles of
Saturn4.
Another exotic aspect is vortex molecules studied in multi-component Bose-
Einstein condensates (BECs)5,6, multi-gap superconductors7, superfluid 3He8,
and nonlinear optics9. In the cases of BECs and superconductors, fractional vor-
tices in different components with fractional circulations can form a various struc-
ture of stable and metastable state. In this paper, we study the vortex polygons
formed by fractional vortices and their stabilities in a two-component BEC, where
two fractional vortices of each component form a unit topological charge Q = 1.
We find that vortex polygons are stable for Q ≤ 4, metastable for Q = 5,6, and
unstable for Q≥ 7.
Vortex polygons can also be considered in elementary particle physics as mod-
els of stable bound states10,11. As a field theoretical model, we also consider
the baby-Skyrme model which is an O(3) nonlinear sigma model with the baby-
Skyrme term. With an anti-ferromagnetic potential term, the model admits vortex
molecules and polygons. In contrast to the two-component BEC, the vortex poly-
gons are stable for Q≤ 6 and metastable for Q≥ 7.
2 Vortex polygon in a two-component BEC
We start with the mean-field Lagrangian density for the two-component BEC in
2-spatial dimension:
LBEC = ∑
i
{
i
2
(
ψ∗i ψ˙i− ψ˙i∗ψi
)− 1
2
|∇ψi|2− giiρ2 |ψi|
4
− g12ρ
2
|ψi|2|ψ3−i|2− iΩ2 x×
(
ψ∗i ∇ψi−ψi∇ψ∗i
)}
,
(1)
where ψi (i= 1,2) is the order parameter for the condensate of the i-th component,
and ρ is the mean particle density ρ = (1/L2)
∫
d2x ∑i |ψi|2, with the system size
L. The third and fourth terms in Eq. (1) are intra- and inter-component interaction
energies with the coupling constant gii and g12 respectively. The fifth term is the
rotation energy with the angular velocity Ω . Choosing g11 = g22 = g for simplicity,
the third and fourth terms can be rewritten as
− (g+g12)ρ
4
(|ψ1|2 + |ψ2|2)2− (g−g12)ρ4 (|ψ1|
2−|ψ2|2)2. (2)
Considering the situation of g+ g12 ≫ 1, we can assign the constraint |ψ1|2 +
|ψ2|2 = 1 for further simplicity. The energy density of static configurations is
EBEC = ∑
i
{
1
2
|∇ψi|2 + iΩ2 x×
(
ψ∗i ∇ψi−ψi∇ψ∗i
)}
+
(g−g12)ρ
4
(|ψ1|2−|ψ2|2)2.
(3)
3Under g> g12, the miscible state |ψ1|2 = |ψ2|2 is energetically favored as the static
configuration.
The ansatz of the vortex polygon state can be given by
ψ1,2 =
1√
2
{
eiQθ cos
f (r)
2
± isin f (r)
2
}
(4)
in the polar coordinates (r,θ ). The monotonically decreasing function f (r) satis-
fies f (r → 0)→ pi and f (r → boundary)→ 0. At f (r) = pi/2 and Qθ = −pi/2
(Qθ = pi/2), there is a half-quantized vortex of the first (second) component with
ψ1 = 0 (ψ2 = 0) and ψ2 =−i (ψ1 = i). The circulation is given by
1
2pi ∑i
∮
dl× Im[ψ∗i ∇ψi]= 12 (5)
around the vortex core. Totally, there are Q half-quantized vortices for each com-
ponent, and Q is defined as the topological charge of the system.
−1 1
|ψ1|2−|ψ2|2
Q=4Q=3Q=2Q=1
Q=7Q=6 (stable) Q=6 (metastable)Q=5
Fig. 1 Stable and metastable vortex states for the energy density (3) with the topological charge
1 ≤ Q ≤ 7 in the region −1 < x,y < 1. As the numerical parameters, we fix (g− g12)ρ = 160,
and Ω = 0.72Q.
By using a relaxation method, we numerically obtain stable and metastable
static states for the energy density (3). Figure 1 shows |ψ1|2 − |ψ2|2 of all the
static states with 1 ≤ Q≤ 7. We can find the position of vortices of ψ1 (ψ2) com-
ponent as the minimum (maximum) value of |ψ1|2−|ψ2|2. For the unit topological
charge Q = 1, one can find a pair of half-quantized vortices as a vortex molecule.
For Q = 2, two vortex molecules face to each other with opposite orientations.
4They constitute a vortex tetragon. Since the same vortices are placed at diagonal
corners, the configuration is Z2 axisymmetric. For Q = 3, three vortex molecules
with six half-quantized vortices constitute a regular hexagon with a Z3 axisym-
metry. The structures of Q = 2 and 3 resemble those in a vortex lattice found
in a two-component BEC under rotation6. For Q = 4 and 5, the situations is al-
most the same, i.e., one finds that four and five vortex molecules with eight and
ten fractional vortices constitute regular octagon and decagon with Z4 and Z5 ax-
isymmetries, respectively. In general, for the topological charge Q, we expect 2Q
half-quantized vortices to be placed on a circle in a ZQ axisymmetric way. The ro-
tational SO(2) symmetry in the x–y plane is spontaneously broken in all cases to
a discrete subgroup ZQ. For Q = 6, however, the vortex dodecagon constituted by
twelve half-quantized vortices with a Z6 axisymmetry becomes metastable. The
stable state has the double-ringing structure of half-quantized vortices: ten half-
quantized vortices surround a vortex molecule at the center, forming a decagon
(not a regular decagon). Because of the vortex molecule at the center, the sys-
tem has no axisymmetry. For Q = 7, the vortex tetradecagon is neither stable nor
metastable but unstable, and only double-ringing structures appear as the stable
static configurations without any other metastable states.
We compare our result to the case of a scalar BEC1 in which an integer vortex
carries the unit circulation. For Q = 1,2,3, and 4, our results are similar to those
for the scalar BEC: Q integer vortices form monomer, dimer, regular triangular,
and square with SO(2), Z2, Z3, and Z4 axisymmetries. For Q= 6, the result is also
similar: there are the metastable regular vortex hexagon and the stable double-
ringing vortices with a vortex at the center and surrounding 5 vortices. In contrast
to our result, the latter state has Z5 axisymmetry because there is only one vortex
at the center having SO(2) axisymmetry. For Q = 5 and 7, our results rather differ
from those for the scalar BEC which has a metastable double-ringing vortex state
with a Z4 axisymmetry for Q = 5 and a metastable regular vortex heptagon for
Q = 7.
3 Vortex polygon in a baby-Skyrme model
We next consider an nonlinear O(3) sigma model in 2-spatial dimension described
by a three vector of scalar fields n =
(
nx ny nz
)
with a constraint n · n = 1. The
Lagrangian density is given by
LFS =
1
2
∂µn ·∂ µn−κ
{
n · (∂µn×∂ν n)
}2−m2n2z , (6)
with µ ,ν = t,x,y. The state with nz = 0 and n2x + n2y = 1 is energetically fa-
vored with the third potential term in the Lagrangian which is known in anti-
ferromagnets and the XY model, while the potential term takes the form of m2(1−
n2z ) in ferromagnets and the Ising model. In the presence of this potential term, a
static configuration with vortices is unstable to shrinking from the Derrick’s scal-
ing argument12, and it can be stabilized in the presence of the second term of the
Lagrangian which is known as the baby Skyrme term. The energy density of static
5configurations is
EFS =
1
2
|∇n|2 +κ{n · (∂µn×∂ν n)}2 +m2n2z . (7)
The three vector n and the order parameter ψi of the 2-component BEC can be
related to each other through the Hopf map n = 〈ψ|σ |ψ〉 with Pauli matrices
σ . With the Hopf map, the ansatz (4) of the vortex polygon ansatz for the 2-
component BEC can be transformed to
nx = cos f (r), ny =−sin f (r)cos(Qθ ), nz = sin f (r)sin(Qθ ). (8)
At the position of vortex; f (r) = pi/2 and Qθ = −pi/2 (Qθ = pi/2), the core
is filled with nz = −1 (nz = 1), and the state winds counterclockwise (clock-
wise) within the manifold of the ground state n2x + n2y = 1 around the vortex
core. This state coincides with the baby skyrmion ansatz of 2-dimensional O(3)-
nonlinear sigma model with the topological charge Q ∈ pi2(S2) ≃ Z defined as
Q = (1/4pi)∫ d2x n · {(∂xn)× (∂yn)}.
We numerically obtain stable and metastable static states for the energy density
(7) by the relaxation method. Figure 2 shows nz for all the static states with 1 ≤
Q ≤ 7. As described above, we can find the position of vortices as the minimum
and maximum value of nz which coincides with |ψ1|2−|ψ2|2 for the 2-component
BEC through the Hopf map. For Q = 1, 2, 3, and 4, the results are almost same as
those for the 2-component BEC; ground states have 2Q vortices making regular
2Q-polygons in a ZQ axisymmetric way. For Q = 5, the regular vortex decagon is
stable as well as the 2-component BEC, while we have a new metastable vortex
arrayed state as shown in Fig. 2. For Q = 6, the regular vortex dodecagon remains
stable in spite that the regular vortex dodecagon is metastable for the 2-component
BEC. Besides the vortex arrayed state, we have the other two metastable states
which has not been discussed in the previous work11 . For Q= 7, the vortex arrayed
state becomes stable and four different metastable states appear. The regular vortex
tetradecagon is included in the metastable states and has the minimum energy
among them.
4 Conclusions
We have investigated vortex polygons of the half-quantized vortices and their
stability in the miscible 2-component BEC and the XY (or anti-ferromagnetic)
baby-Skyrme model which has the anti-ferromagnetic (XY) potential m2n2z . For
1≤Q≤ 4, we obtain only stable regular vortex polygons with a ZQ axisymmetry
for both models. For Q = 5, besides the stable regular vortex decagon, we have
another metastable arrayed vortex structure in the baby-Skyrme model. For Q= 6,
the regular vortex dodecagon becomes metastable with the stable double-ringing
structure for the 2-component BEC, while the regular vortex dodecagon remains
stable for the baby-Skyrme models. For Q = 7, the regular vortex tetradecagon is
unstable for the 2-component BEC and metastable accompanied by the stable ar-
rayed vortices and the other 3 metastable states for the baby Skyrme model. As a
result, including the case of vortices in the scalar BEC, the stability of the regular
vortex polygon drastically changes in the 5≤Q≤ 7 region, and strongly depends
6−1 1
nz
Q=2 Q=3Q=1
Q=4 Q=5(stable) Q=5(metastable) Q=6(stable)
Q=6(metastable) Q=6(metastable) Q=6(metastable) Q=7(stable)
Q=7(metastable) Q=7(metastable) Q=7(metastable) Q=7(metastable)
Fig. 2 Stable and metastable vortex states for the energy density (7) with the topological charge
1 ≤ Q ≤ 7 in the region −1.16 < x,y < 1.16. As the numerical parameters, we fix κ = 0.002
and m2 = 800.
on the models and interactions between vortices. As our future work, we have to
consider the experimental situation of vortex polygons. In the experimental setup,
the BEC is trapped and its trapping geometry also affects the stability and the
stable vortex structure. We will soon report this topic elsewhere.
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